3 |we23mam
F.1 Riemann |V\‘Ee3rnl and  Darboux (v&eﬂ\ml

Geal : Find  the area of the \'eaiov\ under  the curve %=fb¢) over on interval [a.bl.
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Icleou- AFPrbximdﬁed ba recﬁanjles . How
We will inbroduce. Riemann  sums  and  Darboux sums , then o dejlnl-(-jov\s cf ivr(:esrab‘ul?(:«a
will_be Slven . However , it can be shown that +the -two nrbions  are. e%uivafey\'(:.

'Defln'r('jon=
A 'Far[:r(:iov\ cf the irterval o bl s a :ﬁv\r(:: set P={a %, %} such tat
0.='x°<‘x.<'7L=,<---<7(.y\=b .

We denche A% = xe-%pe for keta,-m.
_n\e norm (or mesi s‘rze.) of P s Qlefined \bca Pl = max {Axkz |<=|.1.---,V\3.

A ":afﬂeql FarEi‘(:ioV\ is a Fa.r{:'r(:ion P= e, %l of [a.bl endowed with 'Eaﬂs 2:(c.c.--.C00)
Such that ¢ el %] -for k=0,2,---.n , £ is densted ba (r.2).

Let P and P be partitions of [abl.
P is said to be a inemeyrbcf'PchP'.
PuP is said +to be the common reflnemevr(: °§ Pad P.




Def\nf&ion :

Let §:fabl=R and (P.2) be a taqyed parkibion of [abl.

The Riemann sum _associaked by $ and (P,2) is defined by SEP.2) = 2 faoak,
(a-n
!&=f(x)

a

o -

%ozl (‘x.'\n Xy «...)x,.b jcd

C C Cht Cn

Definrtion -
Let f:ra.loj =R be a bounded f.mcﬁiovx ond let P be a partition of Ca.bl.
befme M= sup 'f([xk_,,xk])
m = mf 'f([xk_.,xk])
Then the Darbowc upper swn i defined by O4.P) - & Moax,  and
the Darbows lower sunm i defined by LE.P) - Zomoox,

Exercise -

N Let f:[o,':.']—*'lk deﬁv\e_é b«a

pr 3 f osx<l|
R A

let Pefo.,2 21 . B=c, (. 3)

Find s<§,1>.-c‘), U(f.‘P) and LEP).

Ars: SE.P.2) = U+ + R
OEP) = (IO +E) + R
LEP) = () +@E) +()6)

) et f=[a,|o]—v'fk be a bounded fmcﬁiovx ond let P be a 'Far(:i‘l:ion of Ca.bl.
Brove that LEPY < OEP).




'Defin'rﬁon : (Riemamn lvtﬁeesraue )

Let fﬂ:a,l:ﬂ—vTR .
f is sad +o Riemann (vtﬁaaral:le on [a.kl §
+there exists AeR such Hhat for all 250, there exists Sso0 such Hhat

for all '('Azﬁed 'Far&bovx (P.3) with (PI<S, we have lS(f.'P,’é)-P\‘<i.
(EBAeR)VWe>0)(3 800N (P.2) wikh IPI<S) (sgP.2) - Al<z)

Meavx'mg-.
AeR s SMFFosed 4o be the “aren”.

No matter how small £ 15, there exists a small § sudh -that lja wictda c:f each rectanjle is
smaller than & |, Hhen SC—E,’P,‘S) must be a 500& aFmeIw\aﬁova (lS(f,’P,'é)—ARE) .

Exercise. :

Prove that (f f is Riemann lwﬁeavub(e on [kl , the viumber A s uv\'mt,\e]g detemined .
b
We. denste A lma (R)S::f or (‘R)\L-ff:oeh. and Tt s said o be He TRiemann [w(:zﬂra(.

Execise :
(tte down the V\eja'(:bn cf +he above clefln'rﬁon.

Ars - :)E is NST Riemann ivvtaamble f

AR (F£50 XV 8>0)(T (P.2) with [Pll<8)( (S(‘f?fc‘:‘) -Al>€)

Note , we do NST assume Hie bouwdness of -f in_the cleﬁv\i-&iov\,houever we have
Theovem :

lf f is Riemann 'v\'ﬁaavuble on Lokl , then # is bounded on Tabl.
g
Swlsrose. -the f is NST bounded above.

‘there exsts a Sec(:\ehce. fs.\'isfa,kl such Haat f(b.aan fc«- all neMN .
Let AelR . +oke =1 .

Let S>0 and “oke NeN such Hhat N>bé_°- ,Ahen let. P be the even partrtion which divides
[a.bl ixko N e%»a( subittervals . so [Pl = B;\;\ <$S.

(Ax-.-h;h‘a Nd 'X.k‘=q+kbx fOY' k=l,>-,"'lN')




Since. f«y’i is_an ':rﬁv\i'be Se%/\ance ,there exists kefi,a.--..N1 such that
Bt e 1 N {5“3 is an ivﬁv\ﬂ:e_ set .
Let {Sn,.'l = B 1 n {3',& which s an infinte &a‘ose%wehce_ o‘? iyl

Take Cj=y for lstN .:)#k.

el s et o> L oo : |
Choose Ce = - 5( o)
4 S
Fedox = fuypdaxz neox > J—% _ Sep e+ A~
t “é?( } \L %f\"-
A j‘(’\c—\ A b T, Ao

Sgp.r-Als fepar A Sopax -Ax

-&‘6 -’;'l/\oos"W\iS (é“\'e s
f%“’-) e ) will be [aﬁr Hran anger\mg

'Defln'rﬁm: (’DQTBOV\X iv\'&grable.)

Let §:fabl—=R be a bounded fw\cb'ovx.

f is sad +o Dadsoux 'V\'ﬁeﬁraue on [ak] f

there edsts unigue ACR such that or all partibion P v have
LEPYs A= OEP)

Meownj :
For any 'Far-ﬁ-(:iov\ P . it 31ves estimations L(f,’P) and U(f P) ., and
L(—E,’P\ sAs U(f.'P) —(k)

wderesz"(:ima'ée, olres(ﬂma&e,

However | awxov\a all Fa\ft"r(:iows i} onlza one._real vwmber A sah‘tsfies )

(f f is Davrbooux (wﬁegraue. on [a.kbl , then
we  denste A bna ('D)jtf or (D)j:feoéx and T s said 4o be e Darboux |wtzjm(



Lemma : C'Ref(vemewﬁ Lemma )

Suﬁuse that fﬂfa,lﬂ—’k s bounded .

Let P be a Farﬁ]‘ﬁlovx cf [a.bl and let P’ be a rzfnemewﬁ cf P. Then
LefPy s l_cf,P') < uc—f,#) < U

(Remark : R@new\ewﬁ_ = Rether aFFrbx\mchon D)
proef

Claim : Utf,'Pl) < U(f,'P)

Let Pefxe, 2, xal and

suﬂ»se.-ﬂna(', ‘ako"ak."""akmepl’\t"k-l""kj and A = e

[ine e
Then Squ(Exk..,xk])z Suqbf([tak‘d,a,ﬂ]) fw i=0,2,-,m

L Zse g Y hecd = S F Tt 1) - G-,
Summi;«j up all iv\ec(mh(:ia fmm each [ .%J, the vesut follows.

A

Sup § Cten %D

T g e

sp 5 gD — % -

Exercise.

L.EE f=[a.‘>]—“rk be a L)ovmdecl fﬂ‘dﬁw QV\A (zt FP.,'P-,.be 'Fafer{:ioms f EA.E].
Prove that L(f,'P.) < U(f,'P,_).

Hixk : consider P-P.OP. _and the wnefnewxey\'h levama, .

_ﬂnere.fwz, et w-= {U(f,’P):'P is a ‘Farﬁ'ﬁovx} and L= {L(f,'P):'P is a ‘Farﬁ-ﬁon} )

then Lsu fbro.“ Lel and uew.

We dznfE& wflUgP : P s a ‘Faf&(:ion} and sup LgP» P isa partition}
by @5 and O respectuely




Theorem :

Let §:labl>R be a bounded -flmem.'rhm TFEAE -
@ is Darbowe 1 v\'&egmue on [kl ;

b) co)S £ - a»S e

e For dl g>0 ,there edst a Fav-(:r(:lon P :352 abl such Hat OEP)- L Pt .
precS b e
@@+ Sppese Hre conbrany . of, <o

Then there edst A, A, sudhtat A #£A,
A A

S [v2 I L 3% 3¢
a2 T T < *

L(f,'P) 0»5_: £ - S: £ U(JQ,'P)

‘merefm, L& P < AL AL s OGP For all Parerem?

which conbrodicts to the aSSwv\'Isﬂon

b > Let 50, there edst partitions PPy such that
a»S_:-j - < L(j?,'P.) < m)S_:-f
It @'Ba aswabm
o»S £ < U< ol e
Let P-BUP, . then t% oPplyiny “the refinement. lemma_Chuice) ,
LRy < LEP) 2 OEP) < VER

LE™ — O§m

a»j‘ f-_ |_<391>> c,»g % - @5 -5 U(j‘“a) a»S f+_

Then U(f,’P)- LEP) <€

@ =@ : SuTresg te cowbrma_,-er\ere exists AL A such Hat
A<A, and L(f,'P)s A <P, = U(f,’P) fw all -Par-&(:iov\"P.
Take €=-L(A-A) >0, -then
fov- all_partition P ULf'P) L™ = As-A>e
whidh  coxbradicts to —the aSSuwt'sﬂon



F2 Eiwvale.nce of Riemann |V\‘€e3ml>i|ﬂ:xa, ard  Darboux |w€eﬂmbilﬂ:a

|emma :

Suppese that f:ra,u—»k s bourded. Let P be apartrtion oj La.bl.

Then $or all €50, there exists >0 such that fm« all ‘Far-(:'réion P cf abl with IPI<S,
we have  0sUOUEP-UEPUPI<2 and osL(f,’Po’PQ-L(f,’P)<£.

(Remark: Fix_a_partrtion P._and let. P be an arktbrany partion. by the cefinement: lemma .
ch,m&s’!_(f,aum < V@ PURY s UEP)

diﬁerence ? chﬂ’eremce 2

The dﬁe_vevsce ®) can be Wb‘rﬁvnvi(a Small ‘08 C\'\obs'mﬂ S and Y‘esﬁhcbvs Pl<s )

Py
Let R={xo. % ., xd . lj? nel , then P:-{a.bl and POR =P , so the statement i rvial.

—l'\\eregwe .1t swﬁces 4o consider n>1.

Let e>0 , Cosupitfool-asxsbi+l,

Take S = min {').(+-DC' A Ay, ey XY = miV\{?(:'T)C .mﬂ{&k}.ﬁ >0

Let Peiy.y.oynl be a Far&l:ion of fabl such that IPI<S .ie. %-,-(3;-.<8, =2, m
Since IPIl<8 <IIRll , so -fuv k=2, -t , there exist distinct m_ such that % e r'(a’"“" ,%nk).
— (Othendise . X, A e [‘3""‘6‘)

ard A= Mo < Yh-tp < (PI< S

7
IS - U -0 P whidn_cobrodicts to Haak St

& & FE I
X Ay

U(f.P)-U(f:P UP)
= % [SMFf(Damk-u(&“k]) Q= '3"“““)' SuFf(E%,.k_\,Ik]) (n—namk.‘) - SMFf(c%Mk_xkj) . (3""*"“‘) ]
< :Z‘_, ISMF f(E%"":‘ "3’“‘]) l (‘3’”‘&' 'é“h—u)+l8l.1>f(%nk.. "xﬂ)k’&-%mh-.) + lS“Ff(%w*kJ) l ca'ﬁk"‘:k) 1
s 2n-0C Pl
<2-NCS

<<




Theovrem : ( Riemann |V\‘Ee3rul>i|i-€\a, = Darboux |w(:eara|o'|li'(:a)

Let f‘[ﬂ.b]—’TR.-TL\QV\

f is_Riemam iwﬁeém]ole on [a.k] f ond on\va f f s Darboux 'ME%@He on [a.b].
Moreover, (’R)J:-f = (b)f:f ,

P
R >D) : SwFrose that -)9 s Riemann i

rable . Then f s bouwnded .
et A=('R>f:f.

Let £>0.38>0 such dat for al P with [PI<§. we hae ISEP.-Al<f
Fx a Farb‘bovx P with Rl<min{S.1} Let Poe{xe.x, - %3

Claim : There edst 2,.2 such that

LVER)2 SR> VE -7 ond

L&P)e SER.2)< LRI+ &

Procf 032 Hthe claim:

For kst , there edists o elx, . 2] such b

S o 2 s < ¢ 9 fEres 2

SM‘Ff(&g_‘ ) sx - < f(c.g Ay € SuFf(Ezh_, 20) A% Nete : ax < [Pl <

> LsupP(Bo, x M) ax - £ T < CQax, < > By, 1) A%
=1 F 4n \ k=1 guF
VER)-F < SER.B)< VSR

Similar for‘ e second lr\ezoa(r(:a )

wl'\ere .a\u =(C,Ca,--.,Cn)

Now, OEP)-LER) < (SR +2) - (SERE) =F)
<s|sgr.r-sgr| %
< |sgp.2-Bl+|sEr.-Al+ &

£ . & £ _
<4+4+1-2




(D) 3R> : Suppese that f is Darboux iw&aam\ole, Let A- cb)f:f

Let €>0 , there exist a packition Posuch that O P -L§P.) <L
'B.a the previous lemma . there exdists $>0 sudh Hhat

fuv- all 'Far-(:i'(:ion P cf [abl with IPl<S,

we have  0sOEP-UEPPRI<E and osLEPoRI-LEP <L

Consider a “togged parkition (P.2) with IPIsS .
Then, { SEPR2) s VEP) <OE PRI+ E < ORI+ L
SEPA) 2 LEP) > LE PRI -§ > LR -£
{ SEPD-AsOEPRI-A+L <OFRI-LEPI+E<E+L -¢
SEPA-A2 LEPI-A-5 > LEPI-UEPI-£<-§-§--¢

L sSge)-Al<e
Exercise
0 Let ja:[o,l]—'k clefivxed ‘03 fw={° T *=°
\ j? o<xs |
Show that f is Riemann / Darboux ’ereSmUe. and the i s 1
2) (et f:[o,i]—»TR clefiwenl \oa j’co='x.
Show that § 1s Riemann / Darboux t le and the (s L
l rf % is ratonal

DLk $:To =R defined by fw={

) nf = 8 tational
Show that f is net  Riemann / Darboux ‘MEeSfaUe. )

E(a Sl'\owmﬂ “the %Mivalence Oj Riemann lvrﬁegmbllrba ard  Darboux ?v\{eﬂm\bﬂ’rﬁa ,

we will sitha Sata j? S ’lwl:eﬂmble_ on [a.bl . Furthermore \f we. want o Prove
a_ statement ’mvo\viv\j '«W&ﬂm\:‘\h’ba . We an free_la choose ether aﬂwoaek.




33 Cateria j?ov |wt28mbi\'rba

Theorem :
Suﬂwse. +hat fﬂfa.lﬂ—’k is bounded . Then TFAE :
Q) f is iv&?jm\ole_ on Labl

b) fm— all €30 . there exists $>0 sudh that fo\— all Favﬂt’\ov\ P f [a.bl widh [Pl<S
L)(f,'P) - L(f,'P) <€

a 1 Rl any Sequence f Takl such Hat [ IPall =0 then
Jim LCEPD = i OCEP
Peg
@=k) Lot >0, there exst a parkition Po sudh that  OEPI-LEPI <L
B‘& “the previous lemma , there exists §>0 sudh Gt
For all partition P of [abl with IPl<S,

we have o< U(f,'P) - U(f,'PU'P.) <% ond o= L(f,'PU'PQ - L(f,'P) <72r )

Then 0= U P) < UG PUBI+E- < VE R+
os - L(f,'P) < —L(f,’Po'P°3+72r <- L(f."PD +%:

L OEPY-LEP < (UGB +F)+CLER+F) < €

Exercise -

Prove ()3 and (@ =) .

“Theorem

Swﬂ»se that f:l}a,‘o]é'ﬂl S monstone. (ie. erther 'mcreasiv\j or decreasinﬂ) )

Then -f is MEEjm\o\o_ on [abl.
prec

Consider P -t be the partttion -that. chudes ° [ ]

[ab1 tnto n equal subinberuels. 2%

Check: - UG P)-LEP) = (B38) (§o- ) -

then  fm Pll=o  ad lim LR = fim OEPD . o
e == R




“Theorem

Suﬂ»se that f:[a,‘o]—ﬂk s corttinuous . Then -f is iw&ﬂm\o\e on abl.
s

Note : f s wr\\fcrw\\«a covitinuous on [a,b] .

For all e>0, there exists S>o sudh that fm— al uvelabl wbth luvl<S,

we. have l-f(yo-f(v)\ < —fra

Choose. P= e, -3 wta IPI<S .

B-a_‘tlf\e_ cwvﬁwirba_ cf f and the max-min Breorem ,

fm«- ksta.n, thee exists way_ X € B %] such thak f(mg s—fmsfﬁm fur all %€l %]
Then U(‘S,’P) - L(‘ij)

: lez':"l [S“P f(uh-! ~3) - V‘f f(EXk-- 2D 1 s
- & [§o0) - ool axe

<3 & axe

kU b-a Ut s 2t < 8 > [P -Fermpls 55 )
=g ( éAX&:L:—Q)
Reaall :
s conti ER
'f §=Eo,|]—>tk iscontinuous.. fﬁo
Ve cowrrwﬁe the limE '!m‘ 1-% -f(;n)_lﬁ b 4 Y=

fin B3R % =Sy 2

Since. f is_continuous on o, .,

f is 1w(‘%raue. on [o,d.

et Pa:fo,. 2., 13, then

LR < 2Pl < VR

but lin LR = fim USR - &:f .

<o l:a +the sondwich -Hheorem , Jmé‘f(ﬁ)‘k =S;39

Sk
S

| n, )
e.ﬁ. [im L(e/"+ e%‘+e%+---+e/") = |im Lf’.ex‘
n-00 n

nsoo’ N iz
=j;exdx




T4 Lineaﬁ'(:a , Morw&onic?ba and Px&a\ﬂ:uvi‘ba
Theorem : (Linem-ba)
S that .0 :labl>R wble. and et aeR . Th
uppose fj a are\:whvﬂ an A€ en
0 of s wtaqeble and Fot -als
b
2) f+3 is 'wvtejmk\e and Sa§+3 =S::f +S):3 X
ot
Exercise :
lf T=[c.dd, show that

@) Sup o §@ =i of@ < ol (sup £@)- 1§ £1))
k) sup cf+%)(1)= Sup £ + Sup 4@ and 'mf <f+%>(1)= a«f $@ + mg g

D let €20 ,there edsts Far‘:‘r&ion L b N A2 | of la.bl such that UEP)- L™ <%
Then, V. P)-Laf P = Z [ o (B ot -inf B 6D T (4=
< 2okl Csup $iBti 22D = $Loiy 2D Gr-te-)
= [l (VEP -LEP))
<<€

Exexc'\se :

Prove @ .

Re.wurl:s:
D) Su'ﬂ;ose that f,j-l:a,‘o]—b'lk are Mbaﬁrable and let d\,(aeTR.

Then ¢f+%3 is M(:esmble on [abl and Sj o\f+(?,3 = d :f +FS:3
2) Reconsbruct the proof tf the dbove theorem in Riemann’s approach..

Theorem : (Mw(mae\a)

Suﬁx:.se that f:[a.k]—»’(k s M‘EEj\'aHe. and fe020 ]eor all xela.bl .
Py

For every 'Favﬁ'&ion P of La.bl, we have L(:f,’P)zo.

Recall : St £ =3v1>{L(f,"P) P 1s a partrtion of labil

Fix a "Parfj‘(:ion Po ., then S\: f > L(:)?,'Pa)ao




Remark :
B) Swﬂx)se that f,j-[a.k]—ﬂk are M&ﬂm\ole and faa on [a.bl. Then Stf ZS‘:S.
2) Reconsbruct the Fvwf c:)ﬁ the above theorem n Riemann's dFFroaclr\

Theorem :
Let a<ccb . Then the faction bi>R is Mteﬂmlale_ f and_orly 1 both £:la,d-R
ard §lebl>R. are integuble , in which case [ 5% N3
T:OfSwFFose that f:ta,b] —>R_is integrable .
Let €50,
there edsts partrtion Pl of [akl such that UEP)-LEP) <2
let P=Puidl , P=la.J0P and BzlcblnP.
P ad P oare Farertim cf fa.cl ad [ck] resFecﬂvel\a.
Bta the reflnew\ewﬁ lemma, UEPI-LEP) s OEP)-LFP)<e
Then, UEM-LER s OEPI-LEPI<2 and UER-LER s OEPI-LEPI<2

(a-h
main_ISsue. }f&)
__ L % <

T I i — S~

/] 7
- —_—
A X BB\ BT X XmalmTb X A © N A C N
’nﬁ f(&x-. 26 s < sup f( Bl 2D + Sup f( B ) < Sup f(Bq-. )
Exe'c'.ise :

Rove the converse .
(Hint . lf P._and B are ‘Fc\rfr{:iov\s cJQ fa.cl and [c.K] resrectlvelga
‘then P-PuP. is a 'Far‘t"rtion of Ca bl D)




Defirtbion -
D Suppese that £ TakloR . Ve define -0 .
2) Suﬂ»se that f-»l:a,‘o]—VR is Mﬁesmble. . We deflne S:f =-Saf :

Once. we have -the above clef«v\i-hov\ ., we con extend Hhe aclclréjvrkg as fo“ows:

Theorem :

S that € :.abl>R 1 wntegroble . Th X, la.bl,
u\rrosel &f IS whaj e en fwawa'x o, X €

[ e Y

F  Fundomertal  Theorem cf Caleulus
Theorem : ( The First Fundamertal  Thecrem ef Caleuus )
Let f‘» o bl>R be inﬁeﬂmlole. Su\ﬂ»se that the fw\ction F:[a.b]>R is cortinuouns , that

E:(ab)>R s differentioble and that Féo=Feo for all xe(ab).
Then Juf < Fo - Fi.
)
e s.;ﬁ%ces to show L) < Fiby-Flay < UEP) or_all portrtion P of bl
Let P=fxex oz} be a partition of [abl.
P*H"‘a the meon value theorem to F on each Dl for t=tan,
Here exst Cieli, =) such that  Feay-Fou = Fley 6o-x)
=featu-x.)
Nste that i $(Eu. D) < fed < Surf(tiw 1)
e B 61 G -20) Fied G-t 5 Sup Fllot 2:1) Gt-0)
é‘. mf f(l‘su.. 261) (-3 € g'l. Fen-Foun = é‘. SuFfCEq-. 1) 66 -%)
LS P s By -Fed s OEP)




EYGW!F[Q :

(et f:[o.i]—ﬂk clefiv\ed \03 Foo ==

5 is comtimous on Lol = § i integrable. on [o.11
Furthermore . let F:lo.d-R defied by Fao=4x
“Then jz is covitinwous on [o.11 and Féo:feo on (o.0).

By the Frst Facdmertal theoron of coladse o £ < F-Ferai

However , consder -the fbllowins cnsg‘:

Lot §:loal—R defied by foo={ i owe
2 f (sX<2

Shooo‘ﬂ«a:(:fts Mﬁejmlole and the 'M'EE@'&( s 3.

However , does tt edst F:lo,d—oR such that

E is continuous on To2] and Feo =)9<>o on (0,3) 2

@) naEelxa he answer is nejaﬁve . (wha?)

However , we still have +he fbuow'w\s vesutt :
_nmm :

Let fbloR be integrble . Define F:la.bl-R 5‘8 Feo-f:f (wwa E is wel\—c{efina:l7)
Then Fto is continuous on [a.bl .

Pt
f ) ivrteﬂmlole on [la.bl = jZ is bounded on [a.bl
ie. thee edsts M>o such that -Msfw <M For all xelakbl.
Claim + (Fw-FeoleMlu-vl for all uvelabl . ie F i a Lipschitz Function on [abl.
Then , F is continunous ((Avﬁfbrmla continuous in fact) on Ta,bl .
‘Froof af claim: Wlog . et usv, Fw-Fw =5‘1f
-Msfw <M for all xelvud
S::-M sS:fm < S:M
-Mw-v) s B -Fo s Ma-w
R -Feol s M lu-vl



EWW?le: T osxX<LI
Lot §:Toal=R defined by foo- { f os
'j? €<

if osxs |
which & continmous  on To 21 .

Fm=ﬂf={x

p f leXs2

Question
0 What is the relation betieen Feo={(f and fo 2

2) The flrsb fwdawmtd ‘theorem of calewlus onla \fei,«ires that f is M‘tesml on b1,
How about we ‘F\A'E. a Sbrov\jer‘ aSSwerbon Gat f IS continouws on [a.bl 2

Both iuesbov\ can be avnswered ba :
Theorem : (The Second Fundamerttal Theorem cf Caleuus )
Let $rakloR be continuous. Defire Filabl=R by Feo={§
Eilab) >R s differentiable and that Féo=Feo for all xelab).
C If f 18 cortinuous on Tabl,
then the area function Feo=f € ~elakl , s an artidecvative of £ on Gk).)

For--ﬂ'\e?mcf cf-(:he fwstfwdawmtal'ﬁ\eoran cfca.lculu\s,we need

“Theorem : (The Mean \alue Theorem 'fm" ln‘beﬂrals )
Suﬂ)ose that f[n‘a]-)'lk s cortinuous .
Then there oxks celabl such -that o $ - forb-a.

%“
/375
Aremj?@(b-a)/}\\/ /

/]

Q (&3 o

preef

f s continuous on [a.bl
= -there exist xm,xuelabl sudh that -fu..ps:\e(-:o Sfﬂm fww‘ all xela.bl.
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33 “the intermediate value. “theorem . Hhere exists ¢ behiseen % and %y such that
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cllv:\x 'jpcc) If ax<o, J. f = _S:-mxf == (f(c) Cox) = f«:) A%
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